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Abstract. The critical state stability in a ‘hard’ type41 superconductor with respect to 
the flux jumps has been studied both for adiabatic and isothermal boundary conditions. 
The sample geometry as well as initial magnetic field and current distributions are found 
to be important for the stability criterion. The increase of the ratio of the thermal and 
magnetic diffusivities results in an increase of the stability. This effect is most noticeable 
in the case of intensive external cooling. For the extremely ‘hard’ superconductors the 
simplified scheme of the investigation is proposed. 

1. Introduction 

In hard superconductors placed in an external magnetic field, inherent instabilities-the 
so-called flux jumps-are commonly observed (see for example Saint-James et a1 1969). 
The fast penetration of some quantized flux lines-Abrikosov vortexes (Abrikosov 1957)- 
is responsible for this phenomenon. The flux jump can be initiated either by temperature 
or magnetic field fluctuations. The flux jump nucleation and the possible ways of stabili- 
zation of the superconducting devices have been discussed in many papers. The quali- 
tative theory of this for different physical situations have been developed by Wipf (1967), 
Swartz and Bean (1968) and Wilson et a1 (1970). 

In general, one has to investigate the stability of the Maxwell equations combined 
with the thermal diffusion equation with respect to small perturbations (Kremlev 1973, 
1974). Of course, it is necessary to choose a definite model of the critical state, 

Wipf (1967), Swartz and Bean (1968) and Wilson et aZ(l970) have determined the 
stability criterion, disregarding the heat conductivity. This assumption allows the calcu- 
lations to be reduced considerably. Naturally, the area of applicability of this approxi- 
mation could not be investigated. 

Kremlev (1973) has considered the stability of the flat plate of a finite thickness and 
the transport current has been equal to zero. The superconductor was assumed to be 
extremely ‘hard’, i.e. Dt/Dm =0, where 

is the magnetic diffusivity and 

Dt = K / V  

is the heat diffusivity. 

(2) 
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Here pm is the normal state resistivity, K is the heat conductivity and v is the heat 
capacity of the superconductor; c is the velocity of light. In this approximation the 
current density always keeps pace with the temperature and is at any moment equal to 
the critical value for the given temperature. In addition, it was assumed that aj,/aB=O 
where j ,  is the critical current density and B is the magnetic field induction within the 
sample. This model of the superconductiiig critical state is usually referred to as Bean’s 
(1 974) model. 

Koyama (1973) has taken into account heat conductivity, but for the sake of sim- 
plicity, reduced the order of the differential equations to be investigated. Unfortunately, 
this procedure, as it has been carried out by Koyama, seems to be inadequate. Some 
assumptions and the boundary conditions formulated there without proof are incorrect 
And thus, the results obtained by Koyama (1973) are correct only in some extreme cases. 

In the article by Kremlev (1974) the theory has been generalized for an arbitrary 
ratio Dt/Dm. 

Figure 1. The sample geometry, the magnetic field and current distributions: (0) the 
flat plate; (b) the wire with a fixed total current: (c) the tube with a fixed total current. 

In the present work the problem of the critical state stability of ‘hard’ superconductors 
with respect to the flux jumps is discussed in the framework of the theory developed by 
Kramlev (1973, 1974) on the bases of Bean’s (1964) critical state model. The fourth-order 
equation for a small temperature perturbation (Kremlev 1974) in some special cases may 
be transformed to obtain two independent second-order differential equations; that 
considerably simplifies the mathematical procedure. On the basis of these results the 
stability criterion for the cylindrical samples (figure 1 (b, e ) )  is found; also the flat plate 
of finite thickness is considered in the case of non-zero transport current (figure ](a)). 
Both adiabatic and isothermal conditions on the external boundaries are discussed. It is 
shown that the fourth-order system of the differential equations may be reduced to the 
second-order one in the case of Dt/Dm< 1. Thus, one has to solve only second-order 
differential equation to find the stability criterion for the extremely ‘hard’ superconductors. 

2. Basic equations 

It is convenient to present here the basic equations derivation (Kremlev 1973, 1974) for 
the three-dimensional geometry. Let us denote the initial temperature of the super- 
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conductor as Ti and let e be a small temperature perturbation (O<Tc- Ti, where Tc is a 
critical temperature of the superconductor). The thermal diffusion equation may be 
written (to the linear approximation for small e) as 

ae 
at 

--=KV28+jCE ( 3 )  

where j c  =jc( Ti) and E is the electric field which appeared during vortex lines motion. We 
may write the relation between the current density j and the electric field E in the form 

or to the first approximation with respect to 0 
j=jc(T)+pf- lE (4) 

ajc j=jc+-- B+pf-lE. 
aT 

The Maxwell equation for E is 
4~ 8j curl curl E = - - -- 
c2 at 

(as usual H= B).  
The linear dependence j ( E )  (4) takes place only for sufficiently large deviation from 

the equilibrium. Nevertheless, this is not essential for the stability investigations. Indeed, 
the nonlinear section of the curve j (E) ,  as a rule, is small and the increased fluctuations 
would reach the linear region of the curve; decreased fluctuations are not of interest for 
the present purpose. 

The model proposed by Kremlev (1973, 1974), which is used in our work, is true 
only in the absence of the so-called Bean-Livingstone’s surface barrier (see for example 
Bean and Livingstone 1964, de Gennes 1969), which prevents the free flux propagation 
through the surface. In particular, this means, that external magnetic field must be 
sufficiently large. 

In the Bean model ajc/i3T may be expressed as 

and eliminating E and j from (3)-(6) we find 

where e is a unit vector in the E direction. One may express 0 in the form 

B=exp At -- ( X I L )  ( 3 (9) 

where L is some length typical for each sample. If in the cylindrical coordinates r ,  z ,  
4 the electric field E has only a z component and the perturbation is independent of the 
coordinate z ,  then the substitution (9)  to (8) gives the following equation for x: 

V ~ ( V ~ X ) - A ( ~ + T )  V ~ X - A ( / ~ - A T ) X = O  (10) 
4x jc2 L2 where 

p = 
~2 VTO 
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It follows from (lo), that to the zero-order approximation (for Dt/Dm@ 1) 

v2 (VZX) - XV2X - h/3X = 0. (13) 

We should emphasize that the transition from (IO) to (13) corresponds to the limit 
pe = 00 and not to K = 0, since in the latter limit the expression (9) for the solution 0 is 
invalid. 

Thus the critical state stability investigation is reduced to the definition of parameters 
/I and 7 for which h changes its sign. One has a stable system for negative X and unstable 
for positive A. The stability criterion should obviously depend upon thermal and elec- 
trical boundary conditions. 

Denoting 

X,=A(1+7) 

one may transform (10) to (13) and consider only the latter equation, then, using form- 
ulae (14) and taking into account necessary modifications of boundary conditions, general- 
ize the results for arbitrary 7 (i.e. arbitrary &/&). 

Equation (13) may be transformed to the more simple form. First, (1 3) is equivalent 
to the system 

Substituting into (15) IF, in the form 

X $ = ( X2/4 + X/3)li2 f+ x 
one can easily obtain 

v2x = (X/2) x + (P/4 + h/3)1/Zf 

Vzf= (X/2) f + (X2/4 + X/3)1/2 x .  

Adding and subtracting the equations of the system (16) we have 

I V2Fl- k12Fl= 0 

V2Fz+kz2F2=0 
where 

and 
F i , 2 = ( ~ + f ) / 2  

ki, z2 = (A214 + A/3)1/2 + X/2 

Thus, the fourth-order differential equation (13) is reduced to the two independent 
second-order equations of the standard form (17). For the sample configuration, for 
which separation of the variables r and is allowable, to resolve (17) is not too difficult. 
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3. The stability criterion for the adiabatic case 

In this section we shall consider the stability criterion in the absence of the external 
cooling. The required boundary condition is 

or 
v o = o  
vx  = 0. (20) 

As an electrodynamical boundary condition, we assume that the external magnetic 
field is constant in time (therefore, the total transport current remains constant during the 
process). Then, on the surface of the sample 

_ _  - -c curl E aH 
at 

and from (3) and (9) 

curl [e (AX - V ~ X ) ]  = 0 

where e is a unit vector in the electric field direction. 
Further, the stability investigations should be carried out for the samples with 

geometry shown in figure l(a-c). In practice, the solution x is found in two regions 
because each case and matching condition must be formulated. These two regions differ 
by the direction of the current, and it is expedient to take the current density on their 
boundary as equal to zero. Denoting this boundary by 6, we have for the electric field 

E (6 f. 0) = 0 

Ax - v2x I b*O = 0. 

0 (6 + 0) = 0 (6 - 0) 

x(S+O)=x (6-0) 

v 0 (6 + 0) = v 0 (6 - 0) 

or 

Besides the temperature 0 and heat flux KVO must be continuous at 6: 

\ 
VX(S + 0) = VX(S - 01. J 

1 or 

or 

Substituting the solution x of the system (17) into equation (20)-(24) one gets a set 
of linear equations for arbitrary constants contained in x. The requirement of the exis- 
tence of nontrivial solution x is able to give us the spectrum A@), which depends, of 
course, on the geometrical parameters R, 6, b (see figure 1). The stability criterion is 
defined by the minimum value of p for which X (/I) > 0. 

Note that the boundary 6 comes into motion during the perturbation process. Its 
velocity may be readily found from the constant current condition. 

Here and in the $4 we shall consider only the case with T=O. The situation with 
7 # 0 will be discussed in $5. 

3.1. Flat plate 

For the sample with geometry shown in figure l(a),  the equation (13) has a form (we set 
L equal to b) 

-f' - Ax" - = 0 (25) 
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where Pis 

The boundary conditions (20)-(24) for this case are: 

(28) 

I x’( * 1) = 0; Ax’( & 1) - x”’( t 1) = 0 

x (6+0)=x (6-0); x’ (6+0)=x’(6-0) 

Ax (6 t 0) -x”@ * 0) =o. 
The equation (25) with the relations (27) has a nontrivial solution if 

~2~ {tan[k2(l+6)]+tan[k2(l-8)]}=k~3{tanh[k~(l +6)]+tanh[kl(l -S)]> 

where ki and k2 are defined by (18). For 8 =O the equation (28) gives a relation obtained 

B 
Figure 2. The qualitative behaviour of the function A@) for adiabatic boundary condi- 
tions at  various^: /31=/3(A=00),  j32=/I(X=O). 

by Kremlev (1973). The qualitative behaviour of the curve h(P) is shown in figure 2. 
Denoting 

(29) ,&=p ( A =  CO) and /3~=,8 (A=O) 

one may easily find 

We should note that for 181 = 1 the system (27) has the only solution x=O. Hence 

The dependences Pl(6) and pz(6) are plotted in figure 3 .  The stability is defined by the 
16 I = 1 may be understood only as a limit 16 I -, 1. 

parameter PI. In our terms the total transport current is expressed as 

I=26bj,. (3 1 )  
For 6=O(I=O) the stability parameter has a maximum and the expression (30) is 

equivalent to the results obtained by the previous authors. For (61 = 1 (I=Imax) the 
stability criterion decreases by a factor of four with respect to the maximum. 
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Figure 3. The dependences PI(&) and Pz(8) for the flat-plate, 7=0, adiabatic conditions. 

3 . 2 .  The cylindrical samples with a given transport current 

For the samples with configurations shown in figure l (b)  and (c) the system (17) has a 
form 

I d2Fi 1 dFi 
dr r dr 

dzF2 1 dFz 
~ + - + k drz r dr 

;+- --k12 F1=0 

2 2 K  = 0 

x =Fi + Fz I 
The solution of each equation (32) is the zero-order Bessel function. It is convenient to 
write x in the form 

x = ciJo(kzr) + czNo(k2r) + cslo(kir) + c&o(ki~) (33) 

where JO and N O  are Bessel functions of the first and second kind, and l o  and KO are 
modified Bessel functions of the first and second kind. 

For the sample geometry shown in figure l (c )  (the tube with a fixed transport current) 
the typical length L we set equal to b-half a thickness of the tube wall. Then f l  is deter- 
mined by the expression (26). The required boundary conditions are 

gz=O; - Ax-- r-d--x = O a t r = R a n d a t r = R + 2  
dr dr [ t ( dr)] 

and for the continuity of x and x' at r = R + 26 

I d  d 
r dr ( d r )  

Ax-- - r -2 =O at r=R+26+0.  (34) 

The dependence A@) obtained with the help of (33) and (34) has the same form as in 

For the sample geometry shown in figure 1(0), the wire with a fixed current, we shall 
the flat case (see figure 2). 

define L as p/2; then pis determined by 
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and the boundary conditions have a form 

and for the continuity x and x’ at r = 26 

I d  
r dr ( “d) AX-----  r - l (  = 0 a t r = 2 6 & 0 .  

The regularity of x at r=O requires that cz and c4 in (33) be equal to zero in the region 
r <  26. The expressions X(p) for the wire and for the tube with R=O coincide with each 
other. The stability criterion is defined by the parameter PI as in the case of the plate. 

L 

0 0.2 0.4 0.6 0.8 I 
6 

Figure 4. The values (a) PI@) and (b) ,%(a) for the cylindrical samples with different 
R, T=O, adiabatic conditions. 

The plots of Pl(6) and 82(6) are given in figure 4(u) and (b). One may consider 6 = 0 and 
6= 1 only as the corresponding limits 6 -+ 0 and 6+  1. The total transport current is 

Z = 4 ~ b 2 j c  [I -262+R(1-26)]. (37) 
The maximum stability takes place in the state with Z#O in the contrast with the flat 
geometry; e.g. Z(&J 1: d 2 j c  for R = 0. 

We should emphasize that, for the equal values of transport current, the stability 
depends upon the magnetic field distribution and hence upon the magnetic history of the 
sample. This dependence is the most striking at  small R. For 6-0 and 6-1, with a 
difference in the magnetic field distribution only (see figure 5(u) and (b)), the stability 
parameter ,& changes at R = 0 from ,& = 0 to ,& 1: 1.5, although the transport currents are 
equal in both cases. This dependence disappears with an increase of R. Naturally, at 
R-r 00 we get the stability criterion for the flat plate. 
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Figure 5. The distribution of H ( v )  for the cylindrical superconductor: (U) ~ G O ;  (b) 
8- 1. 

4. Isothermal boundary conditions 

We shall discuss in this section the critical state stability of the superconductor with 
intensively cooled surface. The obvious transformation has to be performed only in the 
thermal boundary conditions: the adiabatic condition (20) must be changed to the 
isothermal one: 

e=o 

x=o. (38) 
or 

In equations (27), (34), (36) obtained for the samples shown in figure 1, the evident 
transformation in each case takes place only for the first equation. 

4 .  I .  Flat plates 

For the sample geometry shown in figure I(u) the function A@) is plotted in figure 6. 
The stability criterion is defined by PI, and is just the same as in the adiabatic case. The 
disturbances with h = 0 are completely damped and ,E4 goes to infinity, since in this case 
the rate of cooling is larger than the rate of heating due to flux motion. For the subse- 
quent discussion it is useful to obtain the value h(p)  for AS 1. One may easily find in 
the case under consideration that 

7 2  1 
(39) 

4 . 2 .  Cylindrical samples 

For samples with a cylindrical symmetry (figure lb, c )  the dependence h(P) has an 
appearance similar to the curve shown in figure 6. The stability parameter /31 remains the 
same as in the adiabatic case. The function A(/?) for A>) 1 may be easily found, but the 
respective algebraic expression is too bulky to be presented in the text. 
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Figure 6. The function X(8) for the isothermal case at  different T ;  /31=j3(X=co). 

5. The stability criterion for finite D, 

In this section we shall omit the limitation T = O  (i.e. Dm+co) and hence (see $2) take 
into account the normal current density induced in the resistive state. Physically, this 
gives rise to the appearance of the viscous forces. They prevent the flux lines from the 
motion through the bulk of superconductor: that results in the increase of the stability 
with respect to the perturbations with large h (because of the increase of the viscous 
force with velocity). 

As was mentioned in $2, the equation (10) for an arbitrary T may be reduced to (13) 
(with 7 = 0) by the transformation (14). Unfortunately, the electrodynamical boundary 
condition (21) and (22) contains the parameter h directly. 
With the help of (14) we have 

curl [e (-x- AT 

1 + T  

and the stability investigations for T # O  have to be performed again. The dependence 
AT(/?T)  is to be found from the equation (13) with boundary conditions (20) or (38) (40), 
(23) and (24), then by means of (14) one readily obtains the value A(/?, T). The qualitative 
behaviour of the curve A(/?)  for T # O  in both adiabatic and isothermal cases is shown in 
figure 2 and 6. The new stability parameter bc is determined by the condition (see figures 
2 and 6) 

($),,=a 

or, from (14), 

The procedure described above may be considerably simplified in the case T Q  1. 
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pc 5- 

4-  

3 -  

2 -  

This assumption is valid for the majority of the 'hard' superconductors. At this limit the 
relation (1 4) becomes 

h=h, 

p= p7 + h7T.  (43) 

The term X 7 7  in the second of the equations (43) cannot be disregarded if the equilibrium 
is broken down by the disturbances with large A. In this approach the relations (40) and 
(21), (22) are equivalent. Therefore 

A7 (87) = (8, 7 = 0) (44) 

and (42) has a form 

( 0  1 

161-1 620 I 
I 

Thus the function h (p, T )  can be obtained to the first approximation by means of the 
results for T = O  (993 and 4) and the relations (44). 

(T =0) < ,&e p2(7 =0) for ~4 1 and the difference between 
PI(. = 0) and p2(7 =0) is not of significance in the adiabatic case (93). Hence, the stability 
is not considerably affected by T .  In isothermal case these speculations are not true and 
the value of T may be important (see also Kremlev 1974). 

It is easy to see that 

For the flat plate (figure l(a)) with the help of (39) and (45) one may find 

The value pC(.) for different 6 is shown in figure 7(a), and pc increases approximately 
by the factor 1.5 as T changes from 0 to 0.1. The situation similar to the latter one takes 

place for the cylinder with R=O (see figure 7(b)). As for T = O ,  there is a considerable 
dependence of the stability criterion upon the magnetic field distribution : 
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6. Simplified scheme 

As was outlined previously for the samples shown in figure 1, the disturbances with 
X- tco  are responsible for the magnetic instabilities in the case T = O  (i.e. pr+co) both 
under the isothermal and adiabatic conditions. It seems natural to assume this result 
to be independent of the sample geometry. Therefore, it is worthwhile proceeding directly to 
the limit in the general equations. This allows one to simplify the calculation procedure. 

The following speculations clarify qualitatively the physical sense of the limit A-+ CO. 

The characteristic time of the heat propagation throughout the sample is 

L‘V 
t K N  - 

K 

and the building-up time of the temperature fluctuation is 

For X-t  CO 

T&N 11x4 1 

i.e. the heat exchange cannot occur during the process. Then, one may derive from (3), 
(9, (6)  for pf+w 

ae 1 
at 

=- j c ,  E 

4 7  jc2 
c2 vTo 

curl curl E=--- - E. 

(47) 

As the heat flux within the sample is disregarded in this scheme, the thermal boundary 
conditions, requiring the continuity of the temperature and its first derivative are to be 
excluded in the correct formulation of the problem. Therefore, we should take into 
account only electrodynamical boundary conditions : 

curl E =  0 on the boundaries 

E (6 _+ 0)  = 0. 
(49) 

One may obtain just the same results proceeding to the limit h-tco directly in the equa- 
tions (9), (IO) and under the boundary conditions (20) or (38), (21)-(24), but the deriva- 
tion presented above seems to be more evident. 

It follows from (47) that the equilibrium is broken down (a8jat > 0) if there exists a 
nontrivial solution E of the equation (48) with the conditions (49). 

To this approximation, the stability investigations are carried out separately for the 
regions to the right and to the left side from the boundary 6, as can easily be seen. 
The last circumstance accounts for the irregularities in the curves (see figure 4a). 
The equilibrium is broken down by the perturbations with X - t c o  separately at  the right 
or at  the left region from 6. The stability of the system as a whole is determined by the 
less stable zone. For the cylindrical samples (figure Ib, e) at small 6 the external (with 
respect to 8) region is the more unstable, and at S -  1 the internal region is the more 
unstable. The point of irregularity corresponds to the change of the most ‘dangerous’ 
region. 

This method allows us to consider a wide class of the samples for which it is difficult 
to find the analytical solution of the equation (8). 
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1 

0 0.2 0.4 0.6 0.8 I 
6 

Figure 8. (a) The sample configuration, (6) parameter PI(@ for various R. 

For example, in the case of the sample geometry shown in figure 8(a) (the tube in 
the parallel magnetic field), the equation (48) has a form 

where the coordinates are normalized by b (half the thickness of the tube wall), and /3 is 
determined by the expression (26). The solution E may be expressed as 

E= clJ1 (fi1/2r) + c~N1(/31/2 r ) .  (51) 

Substituting (51) to the relations (49) one obtains the condition of the existence of the 
nontrivial solution E(?) for r <  R + 26 in the form 

J1(/31/"(R + 26)) N O ( p  R)  - N 1 ( p  ( R  + 26)) J O ( p  R )  = 0 (52) 

and for r > R + 26 

J1(f11/2 ( R f 2 6 ) )  No(/3l/'(R+ l))-Nl(/31'z(R+26))Jo(p1'2(R+ 1))=0. (53) 

The dependence ,%(S) defined from (52) and (53) is plotted in figure 8(b). The transport 
current normalized by the unit length along the axis may be expressed as I=26bje. The 
stability criterion has a maximum at 1=0 and depends upon the magnetic history of the 
specimen, e.g. for R = 0.1, Pl(0) 2: 1.3 and ,fh( 1) II 0.2. Naturally, the parameter /31 defined 
by the simplified scheme for the samples shown in figure 1 is precisely the same as it was 
found to be in @3 and 4. 

7. Conclusions 

It has been shown that the sample geometry, the initial magnetic field and currents 
distributions considerably affect the critical state stability in 'hard' superconductors with 
respect to the flux jumps. For example, in the case of the flat plate (figure la) the stab- 
ility decreased with increase of the total transport current (figure 3). For the cylindrical 
samples there exists a pronounced dependence of the stability parameter upon the initial 
magnetic field distribution, i.e. the magnetic history of the sample is of importance 
(figures 4a and 8b). 
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It is shown for the extremely ‘hard’ superconductors that the temperature perturba- 
tions with A 4  CO are the most ‘dangerous’. This allows us to reduce correctly the order of 
the system of the differential equations under investigation and to obtain the required 
number of the boundary conditions. Instead of the fourth-order (with respect to the 
coordinates) equation (8) it is sufficient to solve the second-order one (48). Naturally, 
this greatly simplifies all calculations. 

The presence of the normal current in the material gives rise to the existence of the 
viscous force which acts on the flux lines during their motion through the specimen. This 
force results in the damping of the disturbances with A+CO and therefore the stability 
increases ($5). The variation of the stability parameter may be of importance (figure 7) 
if the resistance pf of the material in the normal state is not too large (namely Dt/Dm 2 O # l ) ,  
and in the case of effective external cooling (isothermal condition) it allows to increase 
the stability parameter approximately by the factor 1.5 at Dt/Dm-0.1. 
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