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Abstract

The spontaneous activity of cultured in vitro neuronal networks exhibits rich dynamical behav-
ior. Despite the arti4cial manner of their construction, the networks’ activity includes features
which seemingly re6ect the action of underlying regulating mechanism rather than arbitrary
causes and e7ects. Here, we study the cultured networks dynamical behavior utilizing a gen-
erative modelling approach. The idea is to include the minimal required generic mechanisms
to capture the non-autonomous features of the behavior, which can be reproduced by computer
modelling, and then, to identify the additional features of biotic regulation in the observed be-
havior which are beyond the scope of the model. Our model neurons are composed of soma
described by the two Morris–Lecar dynamical variables (voltage and fraction of open potas-
sium channels), with dynamical synapses described by the Tsodyks–Markram three variables
dynamics. The model neuron satis4es our self-consistency test: when fed with data recorded
from a real cultured networks, it exhibits dynamical behavior very close to that of the networks’
“representative” neuron. Speci4cally, it shows similar statistical scaling properties (approximated
by similar symmetric LAevy distribution with 4nite mean). A network of such M–L elements
spontaneously generates (when weak “structured noise” is added) synchronized bursting events
(SBEs) similar to the observed ones. Both the neuronal statistical scaling properties within the
bursts and the properties of the SBEs time series show generative (a new discussed concept)
agreement with the recorded data. Yet, the model network exhibits di7erent structure of tempo-
ral variations and does not recover the observed hierarchical temporal ordering, unless fed with

∗ Corresponding author. Raymond and Beverly Sackler Faculty of Exact Sciences, School of Physics and
Astronomy, Tel-Aviv University, Tel-Aviv 69978, Israel. Tel.: +972-3-640-7845; fax: +972-3-642-2979.

E-mail address: eshel@tamar.tau.ac.il (E. Ben-Jacob).

0378-4371/$ - see front matter c© 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.physa.2003.11.015

mailto:eshel@tamar.tau.ac.il


250 V. Volman et al. / Physica A 335 (2004) 249–278

recorded special neurons (with much higher rates of activity), thus indicating the existence of
self-regulation mechanisms. It also implies that the spontaneous activity is not simply noise-induced.
Instead, the network seems to possess excitable media like abilities, presumably provided by the
underlying glia fabric.
c© 2003 Elsevier B.V. All rights reserved.

PACS: 05.70.Ln; 87.17.Aa; 82.40.Bj.
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1. Introduction and motivation

Both abiotic and biotic systems can exhibit complex dynamical behavior. Models,
together with their analytical and computational studies, have long served as an indis-
pensable tool to discover the principles of dynamical behavior in the physical realm.
This approach is consistent with the inherent non-autonomous nature of abiotic systems
and the consequent quest for universal underlying principles that govern their behavior.
On the other hand, the value and predictive power of models as a research tool in the
realm of living systems is still questioned [1,2].
The studies presented here are guided by the proposal that computer modelling can

serve as an equally powerful research tool in the studies of biotic systems [3,4]. Pro-
vided, though, they are perceived, developed, utilized and analyzed in proper man-
ners adopted to the special autonomous (regulating) nature of these systems. Other-
wise, one can easily catch Cowan’s “reminiscence syndrome”—the tendency to de-
vise a set of algorithmic rules that mimic some observed features and mistake it
for a proper model of the living system, including its underlying autonomous ele-
ments which regulate the observed behavior [5]. At the other end there waits the
“realistic trap”, when the model becomes swamped with so many biological fea-
tures (included without discrimination), that it looses any predictive power. Following
Ref. [1], we emphasize that un-discriminated inclusion of a large collection of bio-
logical facts, assembled on the basis of availability, might mask the more essential
features and can blur the hidden underlying principles. The way to avoid those pitfalls
is the “generative modelling” approach, adopted here. The idea is to elicit, from the
observations of several systems belonging to similar class and the knowledge about
common general motives in other biotic systems, the generic features to be included in
the model. For that, the model is iteratively co-generated with developments of suit-
able experimental setups, procedures and observables to be measured and utilized for
generative cross comparison. The above statements will be discussed for clari4cation
and illustrated via the generative modelling of cultured networks, presented in this
paper.
These (in vitro) networks are spontaneously formed from a mixture of cortical neu-

rons and glia cells, homogeneously spread over a lithographically speci4ed area [6–8].
Consequently, the spread cells turned into an active network by sending dendrites
and axons, to form synaptic connections for self-wiring. Although the above described
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self-wiring process is spontaneous with no externally provided guiding stimulations
or chemical cues, a relatively intense dynamical activity is generated within several
days. The recorded activity is marked by the formation of synchronized bursting events
(SBEs), each being a short (≈ 200 ms) time window during which most of the recorded
neurons participate in rapid 4ring. These SBEs are separated by intervals of sporadic
neuronal 4ring.
The neurons exhibit very rich temporal activity within the SBEs, each with its own

time series of spikes (which can vary from burst to burst). Looking at the inter-neuron
correlations [9,10] within the SBEs shows that the temporal activity of many neurons is
signi4cantly correlated in the temporal pattern of its appearance (the notion “correlated”
here is used in the mathematical sense of “similarity”).
To study the statistical scaling properties of the neuronal activity, the time-series is

converted into a binary sequence with time bins of 1 ms [6]. For many neurons, the
distribution of intervals between 4rings exhibits a long tail behavior with shorter inter-
vals at the beginning of the SBE and larger ones towards the end. The distribution of
the increments of the intervals for these neurons can be approximated with a symmetric
LAevy distribution up to the characteristic width of the SBEs (for concise description
of LAevy distributions, see the appendix or Refs. [11–14]). More details are presented
in the next section.
Segev et al. [6] proposed that the time-series of the SBEs can be utilized as an addi-

tional important quanti4able observable to describe the network activity when regarded
as one unit. For that, it is convenient to construct a binary sequence representation for
the SBEs time-series, using the time width of the SBEs as the basic time bin (typically
100–200 ms vs. the 1 ms for the individual neurons activity). Illuminating example of
such binary sequence, together with the corresponding distributions of its intervals (the
inter-SBEs intervals) and the interval increments are also shown in the next section.
As is illustrated, the interval distributions have a cuto7 interval, Imin ≈ 1 s, and a
most probable interval Imp ≈ 5 s. The distributions are not symmetric about the latter
with an average interval Iav ≈ 10–20 s and a scale-free (algebraic) tail. The increments
distributions are symmetric about zero (equal positive and negative distributions) and
can be approximated by a zero-mean symmetric LAevy distributions [6]. Interestingly,
Imp and Iav of very di7erent cultured networks (from 50 to 106 neurons) have very
similar values, thus hinting about self-regulation of the spontaneous activity. Additional
hints are provided by the observations of long time correlations in the SBEs temporal
ordering, and in some networks also hierarchical temporal organization (i.e burst of
SBEs, bursts of bursts of SBEs up to four detectable hierarchical levels). The spon-
taneous activity of some networks can also be partitioned into subgroups of di7erent
kinds of SBEs yet with a mixed temporal ordering of appearance [9,10]. Put together,
the above observations hint that the spontaneous activity of cultured networks might
be self-regulated despite the arti4cial nature of their construction. Much attention has
been devoted to the excitable media behavior of glial network and to the neuro-glia
interaction [15]. Motivated by the new 4ndings, Hulata et al. [16] and Baruchi and
Ben-Jacob [10] proposed that the cultured networks activity is cooperatively regulated
by the neurons and the glia, so that the networks should be viewed as a neuro-glia
fabric rather than stand alone neuronal networks.
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From modelling perspective, it has been shown that a network composed of Integrate-
and-Fire elements connected via dynamic synapses can produce SBEs [7,17]. Yet,
the internal neuronal activities of such simulated bursts qualitatively di7er from the
observed ones. Also, the simulated SBEs time series does not show the observed
heavy-tailed LAevy-like statistics. Thus, our 4rst goal was to identify the additional
minimal generic features required for: (1) generation of temporally localized SBEs,
together with internal long-tailed neuronal activity; (2) generation of a sequence of
relatively similar SBEs (similar time width and internal neuronal activity), together
with long-tailed distributions of intervals between the SBEs and LAevy-like statistics of
the sequence increments.
From dynamical systems perspective, an integrate-and-4re (IF) element has one vari-

able (the voltage) dynamics with externally imposed singularity: generation of a voltage
spike and setting the voltage to zero when it reaches a threshold. On the other hand,
to capture the features of synaptic plasticity (self-regulation), the synapses are now
commonly described as a dynamical system with two or more state variables with
corresponding coupled ODEs [17]. Thus, to maintain proper matching in the level
of description of the neuron soma (the neuron cell body) dynamics with that of its
synapses, one may represent the soma as a two-variables dynamical system.
The original detailed Hodgkin–Huxley [18,19] neuronal model is equivalent to a

four-variable dynamical system. Such detailed description is required if one is inter-
ested in the voltage–current temporal pro4le (temporal structure) of neuronal action
potential. Namely, on time scales of about and below 1 ms. Qualitatively bridging
between the dynamical systems perspective and the soma “physiology”, the levels of
description are [19]: (1) the soma voltage, which is increased by the input signals
and decreased by leaking membrane currents between events of 4ring (generation of
action potentials); (2) the opening and closing of potassium (K+) channels between
and during neuronal 4ring; (3) the opening and closing of sodium channels (Na+).
These channels have shorter time scales relative to the potassium ones; (4) inclusion
of additional channel states, e.g. instead of open and closed also active (channels that
can open) and inactive ones with appropriate dynamical transitions in between; (5)
slow alterations of membrane properties, such as expression of new channel proteins
and receptors and changes in local receptor density.
The rationale for the common use of the IF elements in models of neural networks

stems from the view that on the time scales of network activity the dynamical equa-
tion for the voltage should be suRcient, as it represents the “proper” time scales of
interest, which are longer than 1ms when the network dynamics is considered. How-
ever, including only the voltage dynamics means that only local (in time) information
a7ects the soma, since all soma memory e7ects described by the channel dynamics are
neglected. This is not consistent with the fact that, during the real network activity,
the inputs received by the neuron from other neurons have special temporal ordering.
So that for such temporally ordered inputs to be meaningful, the soma must utilize
memory means. Following this simple reasoning, we assumed that memory features
should be added to the dynamical description of the soma.
Guided by the above realization, we looked for a model in which the soma is

described by at least two degrees of freedom. The two natural candidates are the
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FitzHugh–Nagumo model [20,21] and the Morris–Lecar model [22]. For the additional
reasons, we have adopted the Morris–Lecar (M–L) dynamical description: (1) in the
M–L element, memory can be related to the dynamics of potassium channels; (2) it
has been shown by Abbott and Kepler [23] that the M–L equations can be viewed as
a reduction (to two variables) of the Hodgkin–Huxley model; (3) the M–L dynamical
system has a special phase-space, which can lead to generation of scale-free behavior
when fed with a simple noise current (Section 3).
To further check the validity of the M–L element, when combined with dynamical

synapses, in representing the observed neuronal activity, we have imposed the follow-
ing self-consistency requirement: the modelled neuron should exhibit similar activity
to that of the recorded ones when it is fed with recorded neuronal activity through
Tsodyks–Markram modelled dynamical synapses (Section 3). We re6ect on the issue
of comparison between the modelled neuron and the real ones. Speci4cally, we elabo-
rate on the generative comparison approach and demonstrate that it can be utilized to
identify new features associated with neuronal self-organization although these features
are not included in the model.
Additional discussion of the generative comparison idea is presented in Section 4,

in which we study a network of M–L elements connected by the dynamical synapses
[17]. Utilizing the modelled network we could generate SBEs with similar statistical
properties (LAevy-like distribution in the increments) as the observed ones. We also
show that the average synaptic strength a7ects the internal temporal structure of the
SBEs but has little e7ect (within limits) on the statistical properties of their time series.
Both the inter and intra temporal properties of the SBEs can be modi4ed if the func-
tional distribution of the synaptic strengths is changed. These results provide important
clues about possible networks’ self-regulation. We also studied the e7ect of the statis-
tical properties of external input currents (in addition to the internal cross-neuronal
ones) on the networks’ activity. For example, we show that time correlations in
the external current have strong e7ect on the long tail behavior of the SBEs time
series.
In the last section, we re6ect on the possible implications of these and additional

4ndings about self-regulation motives in cultured networks, with emphasis on a possible
new schema of neuro-glial cooperative dynamical behavior. In this schema, the recorded
neuronal activity is assumed to be a “pattern on top of pattern”, with the underlying
pattern being associated with the web of glia cells.

2. The observed generic features

The spontaneous activity of cultured networks is recorded by growing dissociated
cultures of cortical neurons and glia cells on top of multi-electrode array (MEA) com-
posed of 60 electrodes. Neurons drawn from 1-day-old Charles Rivers rats are pre-
pared and maintained according to the protocol described in Ref. [6]. Consequently,
the spread cells turn into a network by sending dendrites and axons, to form synaptic
connections for self-wiring [7,9,24]. Although the above described self-wiring process
is spontaneous with no externally provided guiding stimulation or chemical cues, a
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Fig. 1. An example of a raster plot presentation of the recorded network activity showing the SBEs (top
panel), and a closer look at an individual event (middle panel). An SBE is detected whenever the number
of neurons that 4red during a time segment of 100 ms exceeds a threshold (usually taken to be 80% of the
total number of recorded neurons). The binary representation of single neurons’ activity is shown on the
bottom panel, to illustrate the unique pattern of each neuron.

relatively intense activity is self-generated within several days. The networks activity
is non-invasively recorded as several (tens) of the neurons form capacitive coupling
with the electrodes, thus enabling the recording of their action potentials. A raster plot
of a typical activity of a normally developed network after 10 days in culture is pre-
sented in Fig. 1. The predominant feature of the activity is the formation of SBEs,
each being a short ∼ 100–200 ms time window during which most of the recorded
neurons 4re several times at a relatively high rates. The SBEs are separated by long
(above seconds) intervals of sporadic neuronal 4ring. Long term recording shows that
this kind of spontaneous activity can continue for several weeks, keeping a steady
(averaged) rate of SBEs formation.

2.1. Generic features of the intra-SBEs neuronal activity

During the SBEs each neuron has its own temporal pattern of 4ring (time-series
of spikes), as presented in Fig. 1. Both the 4ring rate and the time-series statistical
properties can greatly vary from neuron to neuron. While some neurons 4re only 1–2
spikes/SBE, others can 4re even 30 spikes/burst. The individual neuron activity can also
vary from SBE to SBE. In Fig. 2, we illustrate the variations in the neuronal activity,
both between di7erent SBEs and between di7erent neurons. Despite the large variations,
the combined (over di7erent SBEs) histogram of inter-spike intervals of many neurons
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Fig. 2. Illustration of the variation in the rate of neuronal 4ring. (a) Two examples of variations of indi-
vidual neuron 4ring between di7erent SBEs: left: for the network shown in Fig. 1; right: for a di7erent
network which exhibits slower neuronal 4ring. (b) The corresponding variations between neurons for the
two networks.

has similar statistical features, and the distribution of the increments of the inter-spike
intervals (denoted �(i) following Ref. [7]) can be approximated by a symmetric LAevy
distribution (the appendix). In Fig. 3a, we show the averaged (combined over all the
neurons) distribution of the increments. For comparison, we also show in Fig. 3b the
distribution of a “representative”, or a “typical” neuron, constructed as follows: 4rst,
several neurons whose rate of activity is close to the typical rate and the variation
in their activity between SBEs is close to the typical one are selected. Second, their
combined distribution is evaluated as if they represent an individual neuron recorded
over corresponding number of SBEs. We emphasize that the above described procedure
is oversimpli4ed and aimed just to illustrate the proposed notion of representative
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Fig. 3. Left: The combined (averaged) distribution of the increments. That is, the distribution includes the
measured increments for all the neurons. The solid line is a symmetric LAevy distribution with � = 1:05 and
	 = 20. Right: The increments distribution for a “typical” neuron, constructed as explained in the text. The
solid line is a symmetric LAevy distribution with � = 0:9 and 	 = 9.

neuron, vs. “averaged” distribution. In many cases (e.g. when the activity is partitioned
into signi4cant sub-groups of SBEs and of neurons), several representative neurons have
to be constructed, each to describe a distinct observed sub-group. Moreover, there is
no “optimal prescription” how to construct the “representative neuron” as its meaning
varies according to the special features of interest.

2.2. Generic features of the SBEs binary sequence

To analyze the statistical scaling properties of the SBEs time series it is conve-
nient 4rst to convert the recorded activity into a binary sequence: the time axis is
binned according to the typical SBE time width, and the “1”s of the sequence mark
the events’ locations. An illuminating example of such binary sequence together with
the corresponding distributions of its intervals (the inter-SBEs intervals) and the inter-
vals increments are shown in Fig. 4. As we have mentioned in the introduction, the
intervals distributions have a cuto7 interval Imin ∼ 1 s and a most probable interval
Imp ∼ 5 s. The distributions are not symmetric about the latter with an average interval
Iav ∼ 10–20 s and long tail behavior. The increments distributions are symmetric about
zero (equal positive and negative distributions) and can be approximated by symmetric
LAevy distributions [7]. Segev et al. found that the LAevy-like scaling statistics is com-
mon to cultured networks ranging from 50 neurons spread over 1 mm×50 �m area, to
O(106) neurons spread over 2 cm2 area. All these networks also exhibit similar long
time correlation and similar values of the most probable intervals between SBEs, de-
spite the large size di7erences between them. The above, together with the additional
features described in the Introduction, led us to assume that the spontaneous activity
of cultured networks is not completely arbitrary (non-autonomous), but also expresses
self-regulation (autonomous) motives.
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Fig. 4. Top: A binary sequence representation of networks’ activity, constructed as explained in text. Bottom
left: the distribution of the inter-SBEs intervals. The vertical lines, Imin ; Imp; Iav are the minimal, most prob-
able and average intervals, respectively. The solid line is a symmetric LAevy distribution with �=1:8; 	=35
and � = 100. Bottom right: the pdf (probability density function) of the increments of the intervals on a
double logarithmic scale. The solid line is a symmetric LAevy distribution with � = 1:7 and 	 = 45.

3. The generic neuron model

In this chapter, we present the minimal generic features required to capture the
long tail distributions of the neuronal 4ring sequences within the SBEs. These in-
cluded features are: (1) Neuronal dynamical threshold—each neuron is a dynamical
system described by two variables. One corresponds to the membrane voltage and the
second determines the threshold voltage for generation of action potential [25]. (2)
Dynamic synapses—each synapse is described as a three variables dynamical system
to model the pre-synaptic kinetics associated with neuro-transmitters. These variables
correspond to the relative fractions of neuro-transmitters in the inactive, recovered and
active states. The model is tested utilizing the model neuron as is described in Sec-
tion 3.3, by driving through modelled synapses signals recorded from a real cultured
network.

3.1. Two variables dynamic neurons

For reasons presented in the introduction, we have selected to describe the neu-
ronal dynamics utilizing the M–L model [22]. A simple version of this model can be
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represented by the following two coupled non-linear equations [22,19,26]:

V̇ =−Iion(V;W ) + Iext(t) ; (1)

˙W (V ) = �
W∞(V )− W (V )

�W (V )
; (2)

where Iion(V;W ) represents the contribution of the internal ionic Ca2+; K+ and leakage
currents with their corresponding channel conductivities gCa ; gK and gL being constant.
Namely

Iion(V;W ) = gCam∞(V )(V − VCa) + gKW (V )(V − VK) + gL(V − VL) : (3)

On the other hand, Iext represents all the external current sources stimulating the neuron,
such as signals received through its synapses, arti4cial stimulations as well as any noise
sources.

W (V ) in Eq. (2) represents the fraction of open potassium (K+) channels. In the ab-
sence of stimulations, W (V ) relaxes towards its limit value (nullcline) W∞(V ), which
is assumed to have the following sigmoid shape:

W∞(V ) =
1
2

(
1 + tanh

(
V − V1

V2

))
(4)

within a characteristic time scale given by

�W (V ) =
1

cosh((V − V1)=2V2)
: (5)

In principle, one should write a similar dynamical equation to describe the fraction of
open Ca2+ channels. Inclusion of such equation is important when one is interested in
the pro4le of the action potential. Here we focus on the statistical scaling properties
of the neuronal 4ring time series. Therefore, only the temporal location of neuronal
4rings is relevant, so we can represent the e7ect of the Ca2+ channels by the limiting
sigmoid m∞(V ) (the parallel of W∞(V )), which is given by

m∞(V ) =
1
2

(
1 + tanh

(
V − V3

V4

))
: (6)

In our numerical simulations, we have used the following values: gCa=1:1 mS=cm2; gK=
2:0 mS=cm2; gL =0:5 mS=cm2; VCa =100 mV; VK =−70 mV, VL =−34:32 mV; V1 =
−1 mV; V2 = 15 mV; V3 = 10 mV; V4 = 14:5 mV; � = 0:3. With such a choice of
parameters, Ic = 0.
Application of the phase-space analysis to the M–L system reveals the existence of

several regimes [22,26]. Of special interest to us is the situation in which oscillations
with controlled low frequency emerge as the system undergoes saddle-on-node bifur-
cation. In this case, a DC external current plays the role of a bifurcation parameter
(Fig. 5). In the excitable phase, the system spends most of the time at the stable 4xed
point. Short excursions in the outer part of the phase space are possible only if noise
is added. The threshold is well-de4ned, and scales as the distance between stable and
saddle 4xed points. When the value of bifurcation parameter is further increased, the
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Fig. 5. Phase space, illustrating dynamics of M–L element. Each arrow is a vector r, de4ned by the pair
of variables: r ≡ (V̇; Ẇ). Below the critical current Ic (in the excitable phase), there is a stable (attractive)
4xed point. Hence, neuronal 4ring is possible only due to noise (a). Above Ic (b), the dynamics is composed
of a series of neuronal spikes. The inter-spike intervals scale as explained in text.

two 4xed points approach each other and 4nally coalesce, leading to the emergence of
a stable limit cycle oscillations with controlled low frequency. Such 6at coalescence
of a stable and a saddle 4xed points o7ers generic recipe allowing the emergence of
scale-free statistics. This possibility arises as a result of the scaling relation between
period of oscillations and the external current, given by

〈ISI〉˙ (〈I〉 − Ic)−0:5 ; (7)

where ISI is the inter-spikes interval, I is the stimulating current and Ic is a critical
current. Consequently, time-dependent current added to a DC current close to Ic can
lead to a very rich neuronal dynamics.
As the value of the DC current is further increased, there is a second phase transition.

When W∞(V ) crosses the maximum of V -nullcline, the focus turns to be an attractor.
At current levels above this second critical value, the neuron behaves like a decaying
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Fig. 6. Temporal activity of a noise-driven neuron: (a) Inter-spike interval distribution. The distribution
extends over several time decades, indicating possible temporal scaling; (b) pdf of �(i). The distribution is
heavy-tailed and linear on the log–log scale.

oscillator. Thus, we expect that the M–L description of spiking will be valid only for
oscillations with a period larger than the certain cuto7 period. The origin of this cuto7
lies in the 4nite membrane response time. To obtain a correct description of the activity
on even shorter time scales, additional features have to be included.
Keeping in mind modelling of spontaneous activity of isolated cultured network,

we set to test the response of the model neuron to external noise currents. This issue
becomes particularly important in light of the recent 4ndings that this class of mod-
els exhibits high noise sensitivity [27–29]. We found that it is possible to generate
a scale-free distribution of intervals by stimulating a modelled neuron with random
walk currents. We impose re6ecting boundary conditions on the random walk, to limit
the noise amplitude. Speci4cally, we require that 0 �A=cm26 Inoise6 0:86 �A=cm2.
Hence, a neuron is restricted to the limit-cycle phase. Every time step (of 0:1 ms
each), a value of Inoise is either incremented or decreased, with equal probability, by a
value of |WInoise| = 0:1 nA=cm2. In Fig. 6, we demonstrate long tail behavior both in
the distribution of the intervals between neuronal 4ring and in the increments of the
intervals. For a neuron stimulated by single noisy link, we have seen how certain noise
characteristics lead to the emergence of heavy-tailed distribution. In order for neuron
to retain this feature in the network, where it is stimulated by many links, certain
constraints have to be imposed on the couplings between neurons. Coupling strength
must not be too strong, so that it will not completely suppress the individuality of
neurons. On the other hand, an extremely weak coupling will not have any signi4cant
in6uence. Thus, the optimal coupling mechanism must introduce only a tendency to
synchronization in activity of di7erent neurons. This requirement is satis4ed by the
synaptic dynamics, as we explain next.

3.2. Dynamic synapses

Di7erent means of synaptic plasticity are classi4ed according to the time scale on
which they are expressed: short-term (seconds and minutes) and a long-term (hours,
days and months). Quantal analysis demonstrates that short-term modi4cations in
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synaptic strength are due to a pre-synaptic changes in the number of quanta of trans-
mitter released by incoming impulses. For example, depression may be explained as
being due to a limited stored amount of releasable transmitter, which can be depleted
by a train of arriving stimuli and not given suRcient time for replenishment [19,30].
Likewise, short-term potentiation and facilitation are conveniently described using the
pre-synaptic state parameters. In general, short-term synaptic plasticity is associated
with changes in the state of the pre-synaptic site only. On the other hand, long-lasting
forms of plasticity usually require some involvement from the post-synaptic side as
well. For example, long-term potentiation is initiated when the pre- and post- synaptic
neurons are correlated.
In the model of short-term synaptic dynamics put forth by Tsodyks et al. [17], the

e7ective synaptic strength evolves according to the following equations:

ẋ =
z

�rec
− ux�(t − tsp) ; (8)

ẏ =− y
�in

+ ux�(t − tsp) ; (9)

ż =
y
�in

− z
�rec

: (10)

Here, x; y, and z are the fractions of synaptic resources in the recovered, active and
inactive states, respectively. The time-series tsp denote the arrival times of pre-synaptic
spikes, �in is the characteristic time of post-synaptic currents (PSCs) decay, and �rec is
the recovery time from synaptic depression. Obviously, the resource conservation law
holds for all times:

x + y + z ≡ 1 : (11)

The variable u describes the e7ective use of synaptic resources by the incoming
spike. For facilitating synapses, it obeys the following dynamic equation:

u̇ =− u
�facil

+ U0(1− u)�(t − tsp) ; (12)

where the parameter U0 determines the increase in the value of u with each spike. If
no spikes arrive, the facilitation parameter decays to its baseline value with the time
constant �facil. For the depressing synapses (as is the case when post-synaptic neuron
is excitatory) one has �facil → 0, and u → U0 for each spike.
The e7ective synaptic current of a neuron i is obtained by summing all of its j

synaptic currents:

I i
syn =

∑
j �=i

Ajyj(t) : (13)

For the time being, we assume that the parameters Aj, which represent contribution
of the post-synaptic side to the synaptic strength, do not change with time. In reality,
however, we know that long-lasting forms of plasticity require some involvement from
the post-synaptic side [31,19]. Thus, the model that was described above is supposed to
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account for up to hours plasticity, but not for the long-term one. The e7ects of synaptic
scaling are included in a similar model using di7erent description for the two variable
behavior of the model neuron [25]. It is shown that when self regulated long-term
modulations of synaptic strengths are included, they lead to similar generic results as
we report here.
The values of parameters control the ability of system to exhibit modes of correlated

activity. In our studies (unless indicated otherwise), we assigned to the network the
average parameters speci4ed below, using the following notations: I indicates inhibitory
neurons and E—excitatory ones. For example, �rec(E → I) refers to the recovery time
of a synapse transmitting input to an inhibitory neuron from excitatory one. Hence, we
set: �rec(I → I) = 200 ms; �rec(E → I) = 200 ms, �rec(I → E) = 1200 ms; �rec(E →
E) = 1200 ms, U0(I → I) = 0:5, U0(E → I) = 0:5; U0(I → E) = 0:08; U0(E →
E) = 0:08; A(I → I) = 9; A(E → I) = 9, A(E → E) = 2:2; A(I → E) = 6:6. Actual
values for each neuron were then generated as reported in Ref. [17]. We set �in=6 ms
for all neurons. In addition, due to the small size of our simulated network, we chose
�facil = 2000 ms for all inhibitory neurons.

3.3. A self-consistency test: Feeding the neuron with recorded data

In the previous section, we demonstrated that the M–L dynamics can generate
scale-free behavior when driven by a simple (bounded) random walk currents. The
additional requirement is the ability of many linked M–L elements to generate the
observed SBE. In order to test the existence (in principle) of such dynamical behavior
in a network of M–L elements, we drive a single element with recorded data drawn
from the spontaneous activity of a cultured network. For N simultaneously recorded
neurons, we 4rst selected randomly 80% to play the role of excitatory and 20%—
inhibitory ones. The synaptic constant strengths (Aij) are normally distributed about an
average value A0. In addition, a noise current Inoise(t) is included. So the combined
external current, as “seen” by a model neuron, is

Iext(t) =
N∑

j=1

Ajyj(t) + Inoise(t) ; (14)

where yj(t) obey the modelled synaptic dynamics. A typical example of such self-
consistency test is shown in Figs. 7 and 8. As expected, the model neuron gen-
erates rapid 4ring activity during SBEs in the recorded data. Moreover, within the
SBEs the time series of the modelled neuron activity exhibits a scaling behavior,
whose increments can be approximated with a symmetric LAevy distribution. Using the
maximum-likelihood method, the scaling behavior corresponds to LAevy scaling with
� ≈ 0:75 and 	 ≈ 17. The next challenge is to determine whether this result represents
an agreement with the recorded data, and in what sense. Even more important is to
what extent we can deduce new understandings both about the model construction and
the observed activity from such self-consistency test.
In the study of abiotic systems, quantitative comparison between simulations and

experiments is much coveted, although in many cases insuRcient knowledge limits
the comparison to be only qualitative. In the case of biotic systems, their autonomous
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Fig. 7. Raster plot showing the response of the model neuron to the recorded network activity, as described
in the text. The raster plot is shown with time resolution of 1 ms (a) and 100 ms (b).
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Fig. 8. The statistical scaling of the increments of the inter-spike interval time series within the SBEs. The
solid line is LAevy distribution with (� = 0:75; 	 = 25).

nature prevents quantitative comparison in the abiotic sense. Currently, a statistical
comparison is assumed as a crucial required step towards partial quantitative compari-
son. The idea is to look at the averaged behavior of many systems and compare it with
the averaged behavior of many simulated ones, each with a di7erent set of parameters
randomly selected from some bounded distribution. Here we adopt entirely di7erent
approach—the generative comparison, clari4ed below.

Looking at the SBEs internal structure of activity (Fig. 1), clearly each neuron
in the network has its own pattern of temporal activity (time series). These individual
patterns are not arbitrary, as can be discovered by evaluating the dendogrammed matrix
of inter-neurons correlations [9,32]. An usual statistical comparison in this case would
be 4rst to evaluate the averaged LAevy-like distributions of the recorded neurons. Next,
similar averaged distribution for modelled neurons with di7erent parameters would be
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compared with the averaged recorded one. In our generative approach, the statistically
averaged activity is replaced by construction of a representative neuron of the recorded
activity. An example of such construction is illustrated in Fig. 3. The latter should be
compared with the model neuron behavior shown in Fig. 12.
The modelled neuron can be quantitatively compared with the “representative”

recorded neuron by adjusting the model parameters. Yet, for the reasons explained,
we avoid doing so. Especially since most neurons in the network show similar level
of deviation from the representative one as the model neuron shows.

4. Utilizing the generic network model

With a satisfactory generic neuron model at hand, we proceed to study the behav-
ior of generic networks composed of the M–L elements connected via the Tsodyks–
Markram pre-synaptic dynamics. The network connectivity (of 20–50 elements) is
taken to be all-to-all, with the synaptic strengths being drawn from normal distribu-
tion. Following physiological data [33], 80% of the neurons are selected to be excitatory
ones, and the rest 20%—inhibitory ones. In Fig. 9, we show a typical realization of a
selected synaptic strengths.
One of the basic puzzles related with the activity of cultured networks is about

the source of self-generated activity in an isolated network that does not receive any
external stimulations or chemical triggering signals. Recently, it has been proposed
by Baruchi and Ben-Jacob [10] that the glia cells might participate in generation,
maintenance and regulation of the cultured networks activity, utilizing external and
internal (intra-cellular) biochemical messages (triggering and information-carrying sig-
nals). At this stage, as the above is yet to be converted into a modelled descrip-
tion, we simply represent its “maintenance role” by adding a random walk activat-
ing current. Later, we will demonstrate the ability of the network to self-regulate

time

Ic

Fig. 9. Typical realization of synaptic strength and regulative “maintenance” current used in the simulations
of network activity. The synaptic strengths are drawn from normal distributions, as exempli4ed for the case
of excitatory–excitatory coupling (top). Bottom: typical realization of activating current. A 4ring of action
potential is possible whenever a current is above the threshold value Ic.
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its activity by manipulating the statistical properties of such “maintenance” current.
To keep a proper balance between the above current and inputs received from other
neurons via the synaptic connections, the additional current Iad is limited to the range
−0:098 �A=cm26 Iad6 0:002 �A=cm2. For this range, in the absence of additional
input signals, each of the neurons spends most of the time within its excitable phase.
So that the scaling properties of its temporal activity are mainly induced by signals re-
ceived from the other neurons. We emphasize that in the model networks studied here,
all the model neurons (M–L elements) have the same parameters and the variations of
neuronal “self-identities” are introduced only through the distribution of the synaptic
strengths. Currently, in the studies of model neural networks there is a tendency to
simulate networks with as many neurons as computer power permits. The approach
presented here is to simulate networks with the minimal required number of elements.
The rationale for this approach is two fold. First, experimental studies of Segev et al.
[6,34] demonstrated that 50 neurons networks share many generic features with larger
networks. Second, simulating small networks makes it easier to identify which of the
complex modes of temporal behavior are connected with special inherent neuronal fea-
tures, vs. modes of complexity simply resulting from size e7ect of general non-linearly
coupled non-linear dynamical elements. Be as it may, still a minimal number of neurons
is required for them to act as a new entity. It has been shown in Ref. [25] that inclu-
sion of inhibitory neurons imparts the networks with a more 6exible mechanism for
the generation of synchronized bursting events. The lowest feasible limit of inhibitory
neurons to be included is 4, for the naive reasoning of keeping some meaning to the
notion of variations between neurons. This, together with the physiological knowledge
about the ratio between excitatory and inhibitory neurons, motivated us to simulate
networks starting with only 20 neurons and up to about 50.
The above generic model networks generate SBEs with many generic features sim-

ilar to the observed ones. A typical raster plot of the simulated activity is shown in
Fig. 10. We turn now to discuss in more details the simulated individual neurons
activities and the statistical scaling properties of the SBEs time series.

4.1. The intra-SBEs neuronal activity

As for the real networks, each neuron in the simulated networks has its own pattern
of 4ring (time-series). In Fig. 11, we show the variations in the neuronal activity both
between di7erent SBEs and between di7erent neurons. Comparing these results with
the recorded ones, shown in Fig. 2, reveals that while the averaged values in both
cases are similar, the real networks exhibit much larger variations. We will return to
this phenomenon later on.
Next, following the analysis of the recorded network presented in Section 2, we re-

construct a representative neuron for the simulated network. The histogram of the incre-
ments in the inter-spikes intervals of a representative neuron is shown in
Fig. 12. As for the representative neuron of the recorded activity, the distribution
can be approximated by a symmetric LAevy distribution (the appendix). Adjustment of
the model networks parameters can yield a quantitative agreement between the sim-
ulated and recorded distributions [25,35]. However, here we focus on complementary
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Fig. 10. Raster plot, illustrating the activity of a simulated network. The simulated network exhibits activity
similar to that of cultured network. Namely, SBEs which are separated by periods of sporadic activity. The
raster plot is shown in resolution of 1 ms (top), and 100 ms (bottom).

type of comparison between observations and model simulations. That is, we com-
pare the variations in the distributions of di7erent neurons in the recorded vs. the
variations in the modelled networks [36]. Doing so, we found that the former ex-
hibits far larger variations (details will be presented elsewhere). This is in agreement
with the newly proposed realization about the ability of living systems to generate
large self-regulated variations, pointed out in the introduction. The above compari-
son, together with the studies about the e7ect of synaptic strengths on the network
behavior (Section 5.1), provide clues that variations between neuronal temporal ac-
tivities are mainly regulated by other mechanisms than the modulation of synaptic
strengths.

4.2. The statistical scaling properties of the SBEs binary sequences

The simulated SBEs binary sequences are constructed following the same “prescrip-
tion” used to construct the recorded ones (Section 2). A bar-code representation of
a simulated sequence is shown in Fig. 13 with the corresponding histogram of the
inter-SBE intervals. It shows the same characteristic features as the recorded ones:
Imin ; Imp; Iav and long-tail behavior. We also show in this 4gure the sequence of the in-
crements '(i) of the intervals, to illustrate the symmetry between the positive and nega-
tive ones, which justi4es the approximation of the distribution of '(i) with a zero-mean
symmetric LAevy distribution shown in Fig. 14. Again, a quantitative comparison be-
tween a recorded activity and a simulated one can be obtained by parameters adjust-
ment. But, following the rationale explained earlier, we proceed to compare the pattern
of the variations of the recorded activity and those of the simulated behavior, instead of
“investing” in parameters adjustment. In this regard, we emphasize again that the di7er-
ences in the averaged statistical parameters, say � and 	, between two cultured networks
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Fig. 11. Variations in the rate of 4ring for neurons in a simulated network: (a) Number of spikes released
by individual neuron varies for di7erent SBEs. Average spikes released by di7erent neurons also vary (b),
though the variation is smaller than the one for cultured networks (compare with Fig. 2b).

grown under the same conditions are not smaller than the di7erences between them
and those of a simulated network. An example of a variations comparison is shown in
Fig. 15, looking at the scaling of the second moment 〈'2〉 as function of the sequence
length (see the appendix for details). The scaling of 〈'2〉 for the simulated activity is
very similar to the ones obtained for arti4cially constructed sequence (the appendix). On
the other hand, 〈'2〉 has very di7erent scaling behavior for the recorded sequence, thus
hinting about underlying self-regulation mechanisms utilized by the cultured networks.

5. Additional clues about self-regulation deduced from model simulations

Two mechanisms which represent self-regulation were externally imposed (i.e., they
do not vary according to the properties of the consequent dynamics they generate) on
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Fig. 12. Temporal statistics of the sample neuron from simulated network. All of the neurons are connected
by dynamic synapses, as described in Ref. [17]. The solid line is a zero-mean symmetric LAevy distribution
with (� = 0:85; 	 = 40).
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Fig. 13. Temporal activity of simulated networks. The interval series was obtained from the digitized binary
sequence (top), as explained in the text. Middle: distribution of inter-event intervals possesses the same
characteristic features (Imin ; Imp and Iav) as the cultured networks do. To illustrate the lack of directionality
in the time-series, a sequence of interval increments is shown (bottom), which shows symmetry between
positive and negative increments.

the model: (1) distribution of the synaptic strengths; and (2) “maintenance” current. In
this section, we use the model in search for clues how these features might be utilized
by cultured networks for self-regulation of their activity.
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Fig. 14. Temporal statistics of the simulated network. Distribution of '(i). The solid line is a zero-mean
symmetric LAevy distribution with (� = 0:8; 	 = 15).
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Fig. 15. Scaling of the second moment 〈'2〉 with sequence length is shown to illustrate di7erences in the
temporal organization of activity between real and simulated networks. Simulated network (middle) exhibits
scaling of 〈'2〉 similar to one of arti4cially constructed LAevy series (bottom), whilst the recorded activity
of cultured networks (top) reveals di7erent dynamics.

5.1. Possible e?ects of synaptic regulation

First, we check the e7ect of changing only the average of the synaptic strengths while
preserving the shape of the distribution (the ratios between the Aij). We also keep the
same regulative “noise” current level and statistics. Interestingly, such changes (within
limits) mainly a7ect the intra-SBEs neuronal activity with relatively very weak e7ect
on the statistical properties of the SBEs times series itself. For higher A0, the SBEs
become wider and with more intense internal neuronal activities, as shown in Fig. 16.
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Fig. 16. The e7ect of synaptic strength on the pattern of correlated activity. The 10-fold increase in all
synaptic strengths (top) leads to denser SBEs, as compared with the original synaptic strengths (bottom).
The time bin size is 10 ms.
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Fig. 17. The e7ect of synaptic strength on the distribution of �(i). When all of the synaptic strengths
are increased 10 fold (circles), the distribution parameters change as compared to those of the original
synaptic strength (diamonds). Fit parameters are : (�= 0:85; 	= 40) for the original synaptic strengths and
(� = 1:8; 	 = 5) for the 10-fold increased synaptic strengths. The distributions were shifted for clarity.

At the same time, the statistical properties of the neuronal 4ring vary. In particular, the
distribution of the increments becomes closer to a Gaussian (� = 2), thus loosing its
scale-free feature (Fig. 17). With higher synaptic strengths, it is easier for the neurons
to excite each other. Thus, the resulted wider and denser SBEs. However, as the balance
between the Aij is preserved, the e7ect on the inter SBE intervals distribution is much
weaker, since synchronized bursting events are collective phenomena per se, involving
activity of both excitatory and inhibitory neurons. Hence, what might a7ect the rate of
SBE is a proper balance (or, more correctly, lack of balance) between excitatory and
inhibitory strengths. These 4ndings might provide an important clue with regard to the
special observed behavior of some large networks, exhibiting partitioning of the SBEs
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into sub-groups, each with its own characteristic intra-SBE neuronal activity [9]. It
has been proposed that such a partitioning re6ects the fact that the large networks are
composed of inter-mingled smaller (within the 1mm correlation length) sub-networks.
And therefore the combined network can generate di7erent kinds of SBEs, each with
its own internal pattern of neuronal activity. It has been further proposed that each
kind of SBE is generated by a di7erent sub-network of neuronal connectivities being
dominant. Our 4ndings about the e7ect of A0 imply that in principle it is possible to
have two mingled sub-networks each with a di7erent synaptic strength, so that they will
mutually generate two kinds of SBEs. In Fig. 18, we show a preliminary “feasibility”
test of this idea. To test for the existence of di7erent kind of SBEs, we have used
the method of dendrogrammed cross-correlation matrix between the generated SBEs,
as described in Refs. [9,32]. As is demonstrated for un-partitioned network, only single
kind of SBEs is generated. On the other hand, when the network is partitioned into
mingled sub-networks, di7erent kinds of SBEs can be mutually generated. In the shown
“feasibility” test, a 40 neurons network is partitioned into two 20 neurons networks,
one with three times larger A0 than the other. The two sub-networks are mingled via
six joint neurons. While only preliminary, this result illustrates the possible important
role of synaptic regulation (more details will be presented elsewhere).

5.2. Possible role of the regulative “noise” current

The phase-space analysis implies that the characteristic inter-SBE interval length is
mainly determined by the neurons’ dwell time within the excitable phase. Therefore,
it is expected that the statistical properties of the triggering current can have strong
e7ect on the inter-SBE interval distribution.
To test the e7ects of the excess current statistics, we increased 100 fold the absolute

value of a current step, together with a 100-fold increase in the update time (the current
time steps), thus producing a new signal with larger correlations. This extra-structure
forces the index of stability to decrease (� = 0:58) and causes prominent change in
the dispersion parameter (	 = 90). Hence, by imposing a temporal structure upon the
regulative “noise” current, it is possible to regulate statistical properties of the network
activity.
In addition, we found that reducing the time correlations in the noise current leads

to a nearly Gaussian distribution in the increments of the SBEs intervals. These ob-
servations imply that by self-regulation of the noise current, for example by glia cells
or by speci4c special neurons, the network can regulate the statistical properties of the
SBEs activity.
As a “feasibility” test of the above idea, we have replaced the arti4cially produced

current with a “regulating” current constructed from the recorded neurons. We men-
tioned earlier that some neurons 4re at much higher rate (10 fold and more) than the
averaged neuronal 4ring rate and have di7erent statistical scaling properties than the
other neurons. Guided by the idea that such neurons might serve to maintain the spon-
taneous activity, we have selected two of them. One to be an excitatory and the other
an inhibitory. The regulating current fed into all the neurons in the model network
was composed of both of them (with a 2:5 s lag time), in addition to the currents
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Fig. 18. Testing the e7ect of “engineered” synaptic connections using the dendogrammed matrix method, as
described in references [9,32]. Top: left: correlation circle for network with normal distribution of synaptic
strengths (the network has 20 neurons, the inhibitory ones being nos. 13,16 and 20); right: correlation circle
for two networks, of 20 neurons each. For two networks, synaptic strengths are normally distributed. For
the second network (cells 21–40), the strengths are three-fold larger. In addition, there are cross-synaptic
connections between two networks, limited to neurons 10–30. Bottom: the corresponding dendogrammed
correlation matrices of the SBEs.

they receive through the model network synaptic connections between the neurons.
The results of this second feasibility test are shown in Fig. 19. The statistical scal-
ing (LAevy) parameters become much closer to the observed ones. We re6ect on the
possible implications of these results in the next section.
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Fig. 19. The characteristics of temporal activity obtained when arti4cially produced “maintenance” current
has been replaced with a “regulating” current, constructed as is explained in the text. (a) Distribution of the
increments of the inter-spike intervals. (b) Distribution of '(i). The solid lines are zero-mean symmetric
LAevy distributions with (� = 1:6; 	 = 7:5) and (� = 1:72; 	 = 8:5), respectively.

6. Concluding remarks

Thus far, we have included the minimal requirements that a model network must
ful4ll in order to reproduce the observed statistical scaling behavior. We have also
been able to deduce new hints and clues about self-regulation motives in cultured
network, utilizing generative comparison between simulations and observations. For
reasons described earlier, we have studied small-scale model networks, comprising
only 20–50 cells. A very interesting issue concerns the connection between networks
size and its pattern of activity, since experimental observations show that networks of
di7erent sizes share the same generic features. Namely, all of the networks exhibit
synchronized modes of activity and LAevy-like temporal scaling in the appropriately
chosen observable. These features hint on possible common regulation pathways that
might be utilized by neuronal networks of di7erent sizes.
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As the number of neurons in the network grows, so does also the number of po-
tential SBE triggers. Hence, a large network is expected to generate SBEs at a higher
rate, unless some regulating mechanism is acting. Two such mechanisms have been
considered in this paper : (1) regulation of synaptic strengths, by which it is possible
to control temporal activity of neurons within the SBEs, and (2) structured maintenance
current, which shapes the temporal ordering of the SBEs.
We have shown that imposing an architecture on the strength of coupling between

the cells can have a profound e7ect on statistical properties of neuronal temporal ac-
tivity. This is in accord with current belief that synaptic plasticity (i.e., modulation of
synaptic strength) shapes the information processing and response properties of neu-
ronal network. Thus, an additional information about dynamics of networks may be
deduced by considering the long-term e7ects (taking place on the scale of minutes and
hours). For instance, these e7ects can explain the observed long-term correlation in
the time series of SBEs. On these large time scales, the detailed behavior of neurons
is less important. Indeed, it is shown in Ref. [25] that certain features relating to the
long-term dynamics can be reproduced using simple Integrate-and-Fire description of
individual neurons.
Our observations that the scaling properties of networks’ activity may be modu-

lated by structured “maintenance” current immediately bring to mind the possibility of
mutual regulation. Namely, that the activity of small densely connected assembly is
regulated by the other regions of network. If true, this hypothesis might re6ect the com-
plex self-regulated hierarchical organization of neuronal networks, which is currently
believed to be a key factor responsible for networks’ unique 6exibility and adaptabil-
ity. The feasibility test, whereby a model network has been fed with regulating current
composed of two fast spiking neurons, has been a 4rst step towards this direction. Our
assumptions are further strengthened by results of recent research, where it is shown
that cultured neuronal networks normally self-organize into small, compact clusters
connected by bundles of axons [24].
One of the intriguing puzzles relates to the origin of spontaneous activity in cul-

tured neuronal networks. In our studies, this problem has been resolved by providing
each cell with an arti4cial structured maintenance current. Recent evidence [15] in-
dicates that neurons get and respond to signals from their surrounding glial cells,
thus making the glia-produced signals possible biological correlate of our structured
maintenance current. Largely speaking, astro-glia regulate the synaptic dynamics, and
micro-glia regulate the dynamics of somata [15]. More speci4cally, the astro-glial reg-
ulatory mechanisms can correlate the temporal activity of a given synapse with the
synaptic strength of other synapses, either on the same neuron or on di7erent neurons.
These mechanisms have characteristic time scales (¿ seconds) comparable to those of
the inter-SBEs temporal ordering, and characteristic length scales between the soma
≈ 10 �m and the ≈ 1000 �m spikes correlation length (i.e., the action potentials prop-
agation length during the ≈ 1 ms time width). These features imply that, from pattern
formation perspective, the observed spontaneous neuronal activity represents only part
of the cultured networks dynamical behavior. The complementary parts of the dynamics
are the formation of intracellular calcium waves, inter-cellular direct chemical signal-
ing mechanisms and extra-cellular chemical communication. Thus, the next stage in
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modelling of cultured networks activity calls for integration of a model of the kind
presented here with underlying fabric of glia cells acting as an excitable media.
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Appendix A. A concise description of L(evy distributions

For simplicity, we present here the LAevy distributions with regard to the speci4c
examples of the increments '(i) of the intervals between “1”s for a general binary
sequence. The general LAevy distribution L(') is characterized by the following four
parameters: �; 	; � and ) [11–13]. The increments in the intervals between the SBEs
were approximated with the zero-mean symmetric LAevy distribution for which � = 0
and ) = 0. This distribution is given by

P�	(') =
1
+

∫ ∞

0
exp(−	q�)cos(q') dq : (A.1)

A typical example of a symmetric LAevy distribution on a log–log scale is shown in
Fig. 20. As is illustrated, the slope of the long tail (scale-free part of the distribution)
is controlled by � (the index of stability, or the tail parameter), and its slope is equal
to −(1 + �). The second parameter 	 is the dispersion factor that sets the location of

–(α+1)

104100

10-6

10-1

102

Fig. 20. A typical realization of LAevy distribution is shown on double logarithmic scale to illustrate the
intuitive meaning of � and 	 parameters. The index of stability, �, de4nes the slope of long-tail decay of a
distribution, while 	 sets a location of the bending point.
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(a) Sequence length

(b) Sequence length

∆2
∆2

Fig. 21. Scaling of the second moment, 〈'2〉, is shown to illustrate divergence of sequence variance. For
� = 2; 〈'2〉 converges to the variance of the sequence, -2 (bottom). On the other hand, 〈'2〉 → ∞ for
�¡ 2, as illustrated on the upper panel.

bending. Two special cases of the zero-mean symmetric LAevy distribution are: (1) the
Cauchy case with (� = 1; ) = 0), in which

P�=1; 	(x) =
	

+(	2 + x2)
; (A.2)

(2) The Gaussian limit for � → 2 in which

P(x) =
1√
2+-

exp
(
− x2

2-2

)
; (A.3)

where the standard deviation is given by -=
√

	. Note that �=2 is a singular limit of
Eq. (A.1), hence it is not simply derived by inserting �=2 in this equation. It re6ects
the fact that while for �=2 the second moment of the distribution is bounded, for any
�¡ 2 the second moment is unbounded for in4nite sequence. In Fig. 21, we show the
scaling of 〈'2〉 as function of the sequence length for two constructed realizations of
LAevy distributions for di7erent sets of the (�; 	) parameters.
Next, we brie6y discuss the additional LAevy parameters � and ). A shifted 4nite-mean

symmetric LAevy distribution is centered at � (Fig. 22a), which is de4ned as the max-
imum of the distribution or the most probable increment Xmp = �. For symmetric
distributions, the average value is equal to the most probable one, i.e., Xav = Xmp. The
fourth parameter, ), is connected with asymmetry about � (Fig. 22b). It is re6ected
in the di7erences between the average values of the variables and their most proba-
ble values. For a distribution of increments with � = 0, the deviation of ) from zero
indicates that the sequence represents an underlying time-directionality in the process
that generates it. Generally speaking, if the average interval between SBEs does not
change but ) �= 0, it hints about regulation of time directionality.
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(a) 0 δ

(b) 0 Xmp Xav

Fig. 22. The ) and � parameters of the LAevy distribution re6ect its symmetry properties. For symmetric
distributions (a), )=0 and � is identical to the average value of X . When a distribution is skewed () �= 0)
� is a most probable value of X , as (b) exempli4es.
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